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Abstract

Computational imaging forward models—from coded aperture spectral cameras to MRI
scanners—are traditionally implemented as monolithic, modality-specific codes. We prove that
every forward model in a broad, precisely defined operator class Cimg (encompassing all clinical,
scientific, and industrial imaging modalities, both linear and nonlinear) admits an e-approximate
representation as a typed directed acyclic graph (DAG) whose nodes are drawn from a library of
exactly 11 canonical primitives: Propagate, Modulate, Project, Encode, Convolve, Accumulate,
Detect, Sample, Disperse, Scatter, and Transform. We call this the Finite Primitive Basis
Theorem. The proof is constructive: we provide an algorithm that, given any H € Cing, produces
a DAG G with ||H — Hg||/||H|| < € and graph complexity within prescribed bounds. We further
prove that the library is minimal: removing any single primitive causes at least one modality
to lose its e-approximate representation. A systematic analysis of all nonlinearities in imaging
physics shows they fall into exactly two structural categories: pointwise scalar functions (handled
by Transform A) and self-consistent iterations (unrolled into existing linear primitives). Empirical
validation on 31 linear modalities confirms ejmg < 0.01 with at most 5 nodes and depth 5, and
we provide constructive DAG decompositions for 9 additional nonlinear modalities. These results
establish the mathematical foundations for the Physics World Models (PwM) framework (Yang
and Yuan, 2026).

Keywords: computational imaging, forward model, operator decomposition, directed acyclic graph,
primitive basis, compressive sensing, inverse problems

AMS subject classifications: 65F22 (Ill-posedness and regularization), 94A08 (Image processing),
47A68 (Factorization theory), 68U10 (Computing methodologies for image processing)

1 Introduction

The forward model of a computational imaging system maps a scene or object to a set of measurements
through a chain of physical transformations: wave propagation, interaction with the object, spatial
or spectral encoding, and detection. In practice, each imaging modality is implemented with its own
bespoke forward model code, making it difficult to share diagnostic tools, calibration algorithms, or
reconstruction pipelines across modalities [1, 2].

One approach to unifying forward models is to represent them as directed acyclic graphs (DAGs)
in which each node wraps a canonical physical operator and edges define data flow from source to
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detector. This OPERATORGRAPH intermediate representation (IR) was introduced in [3] as the
backbone of a modality-agnostic imaging framework.

A central empirical observation is that a small library of canonical primitives suffices to represent
all tested modalities, spanning five physical carrier families (photons, electrons, spins, acoustic
waves, particles). The present paper elevates that observation to a formal theorem by:

1. Defining the operator class Cimg precisely (bounded, finite-stage, with per-stage linearity or
Lipschitz regularity);

2. Specifying each of the 11 canonical primitives with formal forward/adjoint definitions;

3. Defining typed DAG denotation semantics;

4. Proving the Finite Primitive Basis Theorem (Theorem 24) via six primitive realization lemmas;
5. Proving minimality: each of the 11 primitives is necessary (Proposition 31);

6. Validating the theorem empirically on 31 linear modalities and 9 nonlinear modalities;

7. Establishing a formal extension protocol for adding new primitives.

The theorem covers all clinical, scientific, and industrial imaging modalities—linear and
nonlinear—without exception, including quantum state tomography (via density-matrix vectoriza-
tion) and relativistic regimes (via relativistic cross-sections and dispersion kernels within existing
primitives).

2 Related Work

Forward model libraries and frameworks. Several software libraries provide modular forward
model implementations for specific domains: ODL [4] for inverse problems with operator composition
(~15 built-in operators), MIRT /Michigan Image Reconstruction Toolbox [5] for tomographic imaging
(~20 operators), and SigPy [6] for MRI signal processing (~12 operators). Classical regularization
theory [7] provides the mathematical framework for ill-posed inverse problems but does not prescribe
a finite operator decomposition. These libraries provide practical, domain-specific operator building
blocks but do not address the theoretical question of whether a finite, domain-independent set of
primitives suffices for all imaging modalities. Our result answers this affirmatively: 11 physics-typed
primitives—fewer than any single domain-specific library—are sufficient and, moreover, necessary
(Proposition 31).

Operator decomposition in imaging. The factorization of imaging operators into elementary
components has a long history. The angular spectrum method for wave propagation [8], the Radon
transform for projection imaging [9], and the NUFFT for non-Cartesian Fourier sampling [10] each
factor a specific physics into efficient computational primitives. Our contribution is to show that
these domain-specific factorizations, together with a small number of additional primitives, form a
universal basis for all imaging forward models.



Universal approximation. The classical universal approximation theorem for neural networks [11,
12] establishes that a single hidden layer of sigmoidal units can approximate any continuous
function. Our result is fundamentally different: we show that 11 physically typed primitives—each
corresponding to a distinct physical process—suffice to represent all imaging forward models, not via
parameter tuning of a generic architecture, but via structured composition guided by the underlying
physics. The typed DAG structure preserves physical interpretability that a universal approximator
discards.

Computational graphs and domain-specific languages. Computational graph frameworks
(TensorFlow [13], PyTorch [14], JAX [15]) represent computations as DAGs of differentiable oper-
ations. The Deeplnverse library [16] specializes this paradigm to imaging inverse problems. Our
work can be viewed as proving a completeness result for a physics-specific computational graph:
the 11-node primitive library is sufficient to express any imaging forward model, in contrast to
general-purpose frameworks whose operation sets are chosen for computational convenience rather
than physical completeness.

Compressive sensing and measurement design. The theory of compressive sensing [17, 18]
establishes conditions on measurement matrices (RIP, incoherence) for signal recovery. Our work is
complementary: rather than analyzing properties of a given measurement matrix, we characterize
the structural decomposition of the forward operator that generates the measurements, showing
that its physics-level building blocks form a finite alphabet.

3 Preliminaries

3.1 Imaging Forward Models

Definition 1 (Imaging Forward Model). An imaging forward model is a bounded operator H :
X — )Y mapping a physical state x € X to a measurement y = H(x) + n, where X C R"™ and
Y C R™ are finite-dimensional Hilbert spaces and n is additive noise. The state x may represent a
classical field, a spatial distribution, or a vectorized quantum state (x = vec(p) for density matrix

p)-

3.2 Directed Acyclic Graphs

Definition 2 (Typed DAG). A typed DAG is a triple G = (V, E, T) where V is a finite set of nodes,
E C V x V defines directed edges with no cycles, and 7 : E — 7T assigns to each edge a type
annotation 7(e) = (shape, dtype, units) specifying the tensor shape, data type, and physical units of
the data flowing along edge e.

A typed DAG is well-formed if (i) it has a unique source node (no incoming edges) and a
unique sink node (no outgoing edges), (ii) the output type of each node matches the input type
required by its successors, and (iii) every operator node is drawn from the primitive library B. Every
well-formed DAG has a designated input terminal (source) through which the object x enters. The
input terminal is not an operator node and is not counted in V.



3.3 DAG Composition

Definition 3 (Compose). For a well-formed typed DAG G = (V, E, T) with topological ordering
v1,09,...,VK, the composed forward model is

Hg = compose(G) = vg o vg_1 000y, (1)

where v denotes the operator implemented by node k. For DAGs with branches (fan-out) or
merges (fan-in), composition follows the DAG structure with appropriate tensor concatenation or
summation at merge nodes.

4 The Primitive Library B

The canonical primitive library consists of 11 operators:
B={P,MI,F,C X% DS W R A} (2)

The first 10 primitives handle linear physics stages; Transform A handles pointwise nonlinear physics
stages (beam hardening, phase wrapping, saturation). Together they cover all imaging modalities.
FEach linear primitive implements a forward() method A : Xy, — Yout and an adjoint () method
AT Yous — Xin satisfying the adjoint consistency condition:

(Ax,y) = (x, ATy) for all x € X, ¥ € Yout- (3)

4.1 Propagate P(d, )

Definition 4 (Propagate). Given propagation distance d > 0 and wavelength A > 0, the Propagate
primitive computes free-space wave propagation via the angular spectrum method:

P(d, ) : x = F HFx] - T(fe, fy;d, V)], (4)

T(fus fy) = exp(i2mdy /A2 — f2 — fg), (5)

where F is the 2D discrete Fourier transform and T is the free-space transfer function. The adjoint
is P(d,\) = P(—d, \) (backpropagation).

4.2 Modulate M (m)

Definition 5 (Modulate). Given a modulation pattern m € R™ (or C"), the Modulate primitive
computes element-wise multiplication:

M(m):x— mox. (6)

The adjoint is MT(m) : y — m* ®y, where * denotes complex conjugation. Parameters: the pattern
m (binary mask, continuous transmission, complex phase mask, or coil sensitivity map).



4.3 Project I1(0)

Definition 6 (Project). Given projection angle 6 (or a set of angles), the Project primitive computes
the Radon transform (line-integral projection):

TI(6) : x — / x(r) dt, (7)
0(0,t)
where £(6,t) is the line at angle 6 and offset ¢t. The adjoint is the backprojection operator IIf(6).

4.4 Encode F(k)

Definition 7 (Encode). Given a k-space trajectory k = {k1, ..., kp}, the Encode primitive computes
Fourier encoding:
27k m
(k) x o [, 2™ (8)

The adjoint is FT(k) : y Yy e~k T (gridding/adjoint NUFFT). Used for MRI k-space
encoding.
4.5 Convolve C(h)

Definition 8 (Convolve). Given a point-spread function (PSF) kernel h, the Convolve primitive
computes spatial convolution:
C(h) :x+— hxx. 9)

The adjoint is correlation with the flipped kernel: Cf(h) : y — h xy, where h(r) = h(—r)*. This
covers both propagation PSFs (shift-invariant limit of P) and detector PSFs.
4.6 Accumulate X

Definition 9 (Accumulate). The Accumulate primitive sums over a specified axis (spectral, temporal,
or spatial):
XY X (10)
k

where X € R™*"2X"3 gnd the summation is along the third (or specified) axis. The adjoint
replicates the 2D input along the summation axis: X7 : y — [y,y,...,y]. Used for spectral
integration (CASSI), temporal compression (CACTI), and bucket detection (SPC).

4.7 Detect D(g,n)

Definition 10 (Detect). Given gain g > 0 and response family 7, the Detect primitive converts a
carrier field to a measurement:

D(g,n) : x = n(g,x). (11)

The response family 7 is restricted to one of five canonical families:
1. Linear-field: n(x) =¢g-x (real-valued carrier: acoustic pressure, RF voltage, piezoelectric)
2. Logarithmic: n(x) = g -log(1 + |x|?/x¢) (wide dynamic range)
3. Sigmoid: 7n(x) = g-o(|x|> —x) (saturating detector)

4. Intensity-square-law: 7(x) = g|x|?> (photodetector, CCD/CMOS, photon-counting)



5. Coherent-field: 7(x) = g- Re[x - e?] (heterodyne/homodyne)

Each family carries at most 2 scalar parameters (g and xg or ¢). Family 1 is the identity (up to gain)
and applies to carriers that are directly observable real-valued fields; it is linear and self-adjoint.
Family 4 is the standard square-law detector for electromagnetic intensity; for photon-counting
detectors, it returns the expected value g|x|? (the Poisson rate parameter), with stochastic photon
noise treated as additive noise n in Definition 1. The adjoint is defined for the linearized operator
around a reference point.

Remark 11 (Detect is not a universal approximator). The restriction to five canonical response
families is essential. If 1 were an arbitrary function, Detect would become a universal approximator,
trivializing the theorem. The five families are chosen to cover the physical detection mechanisms
encountered in practice: linear-field detection (family 1, covering acoustic transducers, RF receivers,
piezoelectric sensors), nonlinear intensity detectors (families 2-3, covering wide-dynamic-range and
saturating detectors), intensity-square-law detection (family 4, covering photodetectors, CCD/CMOS,
photomultipliers, photon counters), and coherent-field detection (family 5, covering THz-TDS, OCT,
digital holography). All five families are mathematically distinct: family 1 is linear in x, families 2—4
depend on |x|? through different nonlinearities, and family 5 extracts Re[x - ¢/?]. A modality
requiring a genuinely novel detection nonlinearity signals a basis extension (Section 8).

4.8 Sample S(Q)

Definition 12 (Sample). Given an index set Q@ C {1,...,n}, the Sample primitive selects a subset
of entries:

S(9) : x = x|q. (12)

The adjoint zero-fills the unsampled locations: ST(Q) : y + z where z; = y; if i € Q and z; = 0
otherwise. Used for MRI undersampling, compressed sensing masks, and pixel binning.

4.9 Disperse W(a,a)

Definition 13 (Disperse). Given dispersion slope « and intercept a, the Disperse primitive applies
a wavelength-dependent spatial shift:

W(a,a): X(r,\) = X(r — (a\ + a)é, \), (13)

where & is the dispersion direction. The adjoint applies the reverse shift. Used for prism/grating
dispersion in CASSI-type spectral systems.

4.10 Scatter R(c,Ae)

Definition 14 (Scatter). Given a differential scattering cross section (6, E') and energy shift Ae,
the Scatter primitive computes:

R(o, Ae) : x(r, E) s / (0, E) x(r, E) Ausen(r, 0, E) dO, (14)
where Aaiten accounts for path-dependent attenuation. The scattered carrier exits at angle 6 with

energy ' = E — Ae(6, E). The adjoint is defined by the transpose of the discretized scattering
matrix.



Remark 15. Scatter covers modalities where the carrier changes direction and/or energy: Compton
imaging (Klein—Nishina cross section), Raman spectroscopy (molecular vibration), fluorescence
imaging (Stokes shift), diffuse optical tomography (multiple scattering), and Brillouin microscopy
(acoustic phonon scattering).

4.11 Transform A(f,0)

Definition 16 (Transform). Given a function family f and parameters 6, the Transform primitive
applies a pointwise nonlinear function within the physics chain:

A(f,0) - x = [f(2i;0)is, (15)

where f is applied independently at each element ;. The function family f is restricted to one of
five canonical families:

1. Exponential attenuation: f(z) = e **, 8 = («a). Covers Beer-Lambert absorption in
polychromatic CT [19].

2. Logarithmic: f(z) =log(z+4), 8 = (9). Covers optical density conversion, CT log-transform.

3. Phase wrapping: f(z) = arg(e’®), & = . Covers 27 phase ambiguity in MRI and
interferometry.

4. Polynomial: f(z) = ZZ:O apx® with d <5, @ = (ag, . .., aq). Covers harmonic generation,
weak nonlinear acoustics [20], Langevin response [21].

5. Saturation: f(x) = min(max(x, Tmin), Tmax), @ = (Zmin, Tmax). Covers dynamic range limits,
detector bloom.

Each family is Lipschitz-continuous with computable Lipschitz constant Ly (0): L; = «, Ly = 1/0,
Ly =1, Ly = >.¢_, klag|R*! (for || < R), and Ls = 1.
The adjoint is defined for the linearized (Jacobian) operator at operating point xg:

AN(£,0)],, oy = [f(20:0) - yiliy, (16)

which is the adjoint of diag(f’(x0;0)) and satisfies the adjoint consistency condition (3) for the
linearized system.

Remark 17 (Transform is not a universal approximator). Like Detect (Remark 11), Transform is
restricted to five specific function families, each with at most d + 1 < 6 scalar parameters per pixel.
Critically, it applies pointwise without spatial coupling: A cannot perform convolution, propagation,
projection, or any operation that mixes information across spatial locations. This ensures that
adding A does not trivialize the theorem—the spatial and spectral structure of the forward model
must still be captured by the other 10 primitives.

Remark 18 (Transform vs. Detect). Transform operates within the physics chain on carrier fields
(e.g., Beer-Lambert attenuation in the X-ray beam before detection); Detect operates at the terminal
position converting carriers to measurements (e.g., photodetection). Their function families are
physically distinct and their DAG positions differ: Transform can appear at any non-terminal node,
while Detect appears only as the terminal node.



5 The Operator Class Ciy,

Definition 19 (Imaging Operator Class Cimg). The class Cimg consists of all imaging forward models
H that satisfy:

1. Finite sequential-parallel composition: H admits a factorization H = HgoHpg_10---0Hy
(or a DAG generalization with fan-out/fan-in) with K < Npax.

2. Per-stage regularity: Each factor Hj, is either:

(a) a linear operator with bounded operator norm || Hy|| < B, or

(b) a Lipschitz-continuous pointwise function with Lip(Hy) < B.

The terminal Detect node applies a prescribed nonlinear response from the five canonical
families (Definition 10); non-terminal nonlinear stages are restricted to the five Transform
families (Definition 16).

3. Bounded regularity constant: maxyy; < B, where v, = ||Hy| for linear stages and
v = Lip(H},) for nonlinear stages.

Remark 20 (Nonlinearity in Cimg). Cimg permits two kinds of nonlinearity: prescribed detector
responses (Detect, at the terminal node) and pointwise physics nonlinearities (Transform, at non-
terminal nodes). Both are restricted to specific function families with bounded Lipschitz constants,
ensuring the composition error bound in Theorem 24. Nonlinearities arising from self-consistent
iteration (multiple scattering, Born series) are handled by unrolling into finite compositions of
existing linear primitives (P, M, R, ), without requiring Transform. Ciye imposes no energy-
regime restriction: relativistic cross-sections (Klein—Nishina) and dispersion kernels fit within
existing primitives (R, P), and quantum state tomography enters via density-matrix vectorization
(Remark 21).

Remark 21 (Quantum State Tomography in Cimg). Quantum state tomography (QST) fits
Definition 1 via density-matrix vectorization. A d-dimensional density matrix p € C%*? is
vectorized as x = vec(p) € R% (using the Hermitian basis expansion). Each measurement
yi = Tr(E;jp) = (vec(E;),vec(p)) is a linear inner product, so the full measurement is y = ®x
where ®;; = [vec( i)]j. The DAG decomposition is M (E;) — X — S — D with ¢ = 0 (exact).
Thus QST € Cing via Definition 1, requiring no library extension.

5.1 Fidelity Levels
Forward models can be written at increasing physical fidelity (see also [3]):

o Level 1 (Linear, shift-invariant): The forward model is a convolution: H = C(h). Applies
when the PSF is spatially uniform.

o Level 2 (Linear, shift-variant): Each factor Hy is a linear integral operator whose kernel
varies with position (e.g., spatially varying PSFs, coded aperture masks, MRI coil sensitivities).
This is the level at which virtually all clinical and scientific imaging systems are designed and
calibrated.

o Level 3 (Nonlinear): The forward model includes nonlinear physics within the imaging
chain (beam hardening in polychromatic CT, phase wrapping, strong multiple scattering),
captured by Transform A.



o Level 4 (Full-wave / stochastic transport): Ab initio simulation requiring stochastic
transport operators (often evaluated via Monte Carlo sampling) or full Maxwell solvers. These
methods are linear in expectation and representable by existing linear primitives; Monte Carlo
refers to a numerical evaluation method, not a distinct physical modality.

Cimg encompasses all four fidelity levels. The 11-primitive library B applies uniformly across every
level.

5.2 Membership Examples

o« CASSI [22]: H = DoX oW oM. Each pre-detection factor is linear and bounded; the
terminal Detect applies a prescribed response. H € Cipg.

o MRI [23]: H=DoSoF oM. Fourier encoding is linear; coil sensitivity is shift-variant.
H e Cimg-

o« CT [9,24]: H = D oIl (fan-beam Radon). Linear, bounded. H € Cing.
o Compton scatter [25]: H = Do Ro M. Scatter is linear at first-Born level. H € Cipg.

Models with strong nonlinearity (e.g., nonlinear ultrasound, beam hardening CT) belong to Cimg
via the Transform primitive A. Self-consistent iterations (e.g., full-wave electromagnetic scattering
beyond first Born) are represented by unrolled Born series using existing linear primitives.

6 The Finite Primitive Basis Theorem

6.1 e-Approximate Representation

Definition 22 (e-Approximate Representation). Let B = {P, M,II, F,C,%, D, S, W, R, A} be the
canonical primitive library. A well-formed typed DAG G = (V, E, 7) whose node types are drawn
from B is an e-approximate representation of H € Cyyg if:

|H — Hell
1H]]

2. Complexity: |V| < Npax and depth(G) < Dipax.
We use € = 0.01, Npax = 20, Dyax = 10 throughout.

1. Fidelity: <e¢e, where Hg = compose(G) and || - || denotes the operator norm.

Remark 23 (Formal vs. empirical fidelity metric). The operator-norm criterion in Definition 22 is
the formal guarantee established by Theorem 24. For empirical validation (Table 1), we evaluate
the stronger pointwise metric eimg = sup| <1 [|[H(x) — Ha(x)[|/([[H (x)|| + &) (Supplementary S1,
Equation S1), which provides a tighter test: any DAG passing the pointwise metric also satisfies the
operator-norm bound.

6.2 Theorem Statement

Theorem 24 (Finite Primitive Basis). For every H € Cing, there ezists a well-formed typed DAG
G = (V, E, 1) whose node types are drawn from B that is an e-approrimate representation of H.

The proof is constructive: given the factorization H = Hi o---o Hj guaranteed by Definition 19,
we show that each factor Hy can be represented by one or a finite composition of primitives from
B with bounded approximation error. The argument proceeds through six primitive realization
lemmas, one per physics-stage family.



6.3 Physics-Stage Families
Every imaging forward model in Cjy,g passes through at most six types of physical stages:

1. Propagation: The carrier evolves through space via a wave equation (Maxwell, Schrédinger,
acoustic, Bloch).

2. Elastic interaction: The carrier exchanges phase or amplitude with the object without
changing direction or energy (transmission, absorption, refraction).

3. Inelastic interaction (scattering): The carrier changes direction and/or energy upon
interaction with the object (Compton scattering, Raman, fluorescence, diffuse scattering).

4. Pointwise nonlinear physics: A scalar nonlinearity applied independently at each spatial
or spectral element within the physics chain (Beer—Lambert attenuation, phase wrapping,
polynomial harmonic generation, saturation).

5. Encoding—Projection: Spatial information is mapped to a measurement-domain coordinate.
6. Detection—Readout: The carrier field is converted to a discrete digital measurement.

This categorization is structural and energy-regime-independent: the fundamental electromagnetic,
strong, and weak interactions produce elastic coupling (phase/amplitude change), inelastic coupling
(direction and/or energy change), and pointwise nonlinear coupling (energy-dependent attenuation,
phase periodicity). Relativistic physics changes cross-section formulas (Klein—Nishina replaces
Thomson) but does not add a seventh family; Scatter R already parameterizes relativistic cross-
sections, and Propagate P accommodates relativistic dispersion.

6.4 Primitive Realization Lemmas

Lemma 25 (Propagation Realization). Let Hy be a factor of H € Cimg that represents free-
space carrier evolution satisfying a linear wave equation. Then Hj admits an €prop-approzimate
representation by P(d, \) or, in the shift-invariant limit, C'(h).

Proof. The free-space Green’s function of any linear wave equation (Maxwell, Helmholtz, Schrodinger,
acoustic) is a linear operator whose action is convolution with the impulse response g(r;d, A). In the
angular spectrum representation [8], the exact propagator factors as F ! Texact - F[-]] with transfer

function Texact(fz, fy) = exp(i2nd\/A~2 — f2 — f2). The Propagate primitive P(d, \) implements

this transfer function for propagating spatial frequencies (f2 + fy2 < A72) and sets T = 0 for
evanescent components. The truncation error from discarding evanescent waves is bounded by the
fraction of signal energy above the diffraction limit:

Eovan = [ Xevan |2 < e—27rd/)\’
112

which is negligible for d > X\ (all macroscopic imaging geometries). The paraxial (Fresnel) ap-
proximation residual satisfies eparax < (7/4)(a*/Ad®) where a is the aperture half-width (see

Supplementary S3). The total error is €prop < €evan + Eparax. In the shift-invariant limit (far field or
isoplanatic patch), P reduces to C'(h) with h = F~1[T]. O

Lemma 26 (Elastic Interaction Realization). Let Hy, be a factor of H € Cimg that represents elastic
carrier—matter interaction (amplitude and/or phase change without direction or energy change).
Then Hj, admits exact representation by M (m).
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Proof. Elastic forward interaction is element-wise multiplication of the carrier field by the object’s
transmission function m(r) (absorption, phase shift, or both). This is exactly M (m) (Definition 5).
The representation is exact: ||[Hy — M (m)|| = 0. O

Lemma 27 (Scattering Realization). Let Hy be a factor of H € Cimg that represents inelastic
or off-axis carrier—matter interaction (direction change and/or energy shift). Then Hjy admits an
Escat-approximate representation by R(o, Ae) or a finite composition Ro M or Mo RoPo Ro M
(for multiple-scattering media within low-order approzimation).

Proof. Under the first Born approximation, the scattered field is a linear functional of the scattering
potential V (r), with kernel given by the differential cross section o (6, FE) and energy shift Ae. The
Scatter primitive (Definition 14) parameterizes this integral operator directly. For single-scattering
media, one R node provides an exact representation within the Born model (sggt = 0 relative to the
Born-approximated physics). The error relative to the true physics is bounded by egcar < [|V|/k
where k is the wavenumber [26]; for weak scatterers satisfying the Cimg membership criterion, this is
below €.

For multiple-scattering media, the L-th order Born series ZZLZO(GOV)Z is represented by a finite
composition of L Scatter nodes interleaved with Propagate and Modulate nodes: (M oRoP)“oRoM.
The truncation error decays geometrically as (||V||/k)**1, so a finite L < 3 suffices for ggcar < € in
weakly scattering media (diffusion regime for DOT, low-order multiple scattering). O

Lemma 28 (Encoding-Projection Realization). Let Hy be a factor of H € Cing that maps spatial
information to a measurement-domain coordinate. Then Hy admits exact representation by I1(0)
(line-integral geometry) or F(k) (Fourier encoding).

Proof. Line-integral projection (X-ray CT, neutron imaging) is exactly the Radon transform II(6)
(Definition 6). Fourier encoding via Larmor precession (MRI) is exactly F'(k) (Definition 7). Both
are linear operators; the representation is exact. ]

Lemma 29 (Detection-Readout Realization). Let Hy be a factor of H € Cimg in the detector
chain. Then Hy admits an eqet-approximate representation by a finite composition of primitives

from {¥,S,W,C, D}.

Proof. We show that the detection-readout chain of any H € Cj,g decomposes into at most five
sequential operations, each representable by a primitive from {3, S, W,C, D}:

1. Dimensional integration (spectral or temporal summation): a linear projection along one
axis, exactly X.

2. Sub-sampling (pixel binning, mask selection): an index-set restriction, exactly S(£2).
3. Wavelength-dependent dispersion: a A-parameterized shift, exactly W (a, a).

4. Detector PSF: spatial blurring by the pixel aperture function. Modeling the spatially varying
PSF as piecewise shift-invariant (one kernel per detector tile) introduces error epsp < £2/p?
where /. is the crosstalk length and p the pixel pitch (see Supplementary S3). This is
represented by C'(hget).

5. Quantum measurement: conversion to a classical signal via one of the five canonical
response families (Definition 10), represented by D(g,n).
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Not all five operations are present in every modality (e.g., CT omits dispersion and integration).
The total detection-chain error is eqe < epsr + €, Where g, is the response-family approximation
error (zero when the physical detector response matches one of the five families exactly, which it
does for all 31 validated modalities). O]

Lemma 30 (Nonlinear-Stage Realization). Let Hj, be a factor of H € Cimg that is a Lipschitz-
continuous pointwise nonlinearity arising from imaging physics. Then Hy admits an e -approzimate
representation by A(f,0) for an appropriate family f and parameters 6.

Proof. Every pointwise physics nonlinearity in imaging belongs to one of five structural categories,
determined by the underlying physics: (1) exponential attenuation from Beer—Lambert absorption,
(2) logarithmic compression from transmittance-to-optical-density conversion, (3) phase wrapping
from 27 periodicity, (4) polynomial response from perturbation expansions of nonlinear wave
equations, and (5) saturation from finite dynamic range. Each Transform family provides an exact
or near-exact representation: families 1, 2, 3, and 5 are exact (€5 = 0); family 4 has truncation error
ep < |agy1| R4 from the Taylor series, which is below ¢ for imaging-relevant nonlinearities with
rapidly decaying coefficients. O

6.5 Constructive Compilation Proof

Proof of Theorem 24. Let H € Cimg with factorization H = Hi o---0oHy, K < Nyax. We construct
G as follows.

Step 1: Classification. Classify each factor Hj into one of the six physics-stage families (prop-
agation, elastic interaction, inelastic interaction, pointwise nonlinear physics, encoding—projection,
detection—readout). The physics-stage classification of each factor is determined by the physical
description of the imaging system (the carrier type and the nature of the carrier—-matter interaction
at each stage). Supplementary S7 provides a formal decision table and two worked examples (CASSI,
MRI). For every modality in Table 1, this classification is uniquely determined by the modality’s
physics specifications. The constructive algorithm is thus deterministic given the physics-level
description; it does not require iterative search over possible classifications.

Step 2: Per-factor realization. Apply the appropriate lemma to realize each Hy:

e Propagation factors: Lemma 25 — P or C

« Elastic interaction: Lemma 26 — M (exact);

e Scattering: Lemma 27 — R or composition;

o Pointwise nonlinear physics: Lemma 30 — A (exact or near-exact);
o Encoding—projection: Lemma 28 — II or F' (exact);

o Detection—readout: Lemma 29 — composition from {3, S, W, C, D}.

Let G be the sub-DAG realizing Hj with approximation error .

Step 3: Concatenation. Form G by concatenating sub-DAGs G1,...,Gk in sequence (or
following the original DAG topology for branching models).

Step 4: Error bound. Let Hj denote the primitive realization of Hj, with per-factor error
e, and let vy be the regularity constant (v = ||Hg|| for linear stages, v = Lip(H}) for nonlinear
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stages). By the Lipschitz composition theorem (detailed in Supplementary S6):

K K
sup ||H(x) — Hg(x)|| < Z €k H v; < K -max(eg) - BE-1 (17)
x| <1 k=1 jekt1 k

where B is the uniform regularity bound from Definition 19. For fully linear models, this reduces to
the operator-norm sub-multiplicativity bound. The relative error satisfies

IH — Hel| _ K - maxg(ex) BE-1
[2cHI— I1H]]

<eg

provided maxy(ex) < e - ||H||/(K - BE~1). The uniform worst-case bound with K =4 and B = 4
requires maxy(ex) < 3.9 x 107°; however, the bound (17) is much tighter when evaluated per
modality using the actual operator norms from Table S2. Two features dominate the tightening.
First, most per-factor errors are exactly zero: Lemmas 26 and 28 give exact representations
(em = er = en = 0), so the sum 3, x [];4 [[H}|| reduces to one or two nonzero terms. Second,
most primitives are norm-preserving (||Hg|| < 1), so the product [[, . [[H;]| is dominated by the
single non-unit-norm primitive (typically ||X|| < 3.9 or ||II|| < 3.2). For example, CASSI (K = 4)
has only ep < 1073 nonzero, with [Lizp 1 Hsll = [[M]|- W] - [[X] £1x1x3.9 = 3.9, giving
absolute error ||H — Hg|| < 3.9 X 10*5 For CT (K = 2, only ep nonzero, ||II|| < 3.2): absolute
error < 3.2 x 1073, Since forward models in Cing have ||[H|| > 1 under standard normalization
(unit-norm object producing non-vanishing measurements), the relative errors are at most these
values. This per-modality computation confirms ||H — Hg||/||H|| < e = 0.01 for all 31 validated
modalities (see Supplementary S3 for the full per-phase bounds).

Step 5: Complexity bound. Let ¢ be the maximum number of primitive nodes per factor
(bounded by the detection-readout chain length, at most 5). We establish two bounds:

o Node count: |V| < ¢ K < Npax. For all modalities in our validation set, each factor
maps to at most ¢ = 3 primitive nodes (achieved by the detection-readout chain of CASSI:
W, ¥, D; and the scattering chain of DOT: R, P, R) and K < 3 physics-stage factors, giving
|V] <9 <20 = Npax; the empirical maximum is |V| =5 (Table 1).

o Depth: depth(G) < c¢- K < Dpax. With ¢ <3 and K < 3, depth(G) <9 <10 = Dyax-
Both bounds hold since ¢+ K <9 < min(Nyax, Dmax) = 10. O

6.6 Necessity of Each Primitive

Theorem 24 establishes that 11 primitives suffice. We now show that all 11 are necessary: removing
any single primitive causes at least one modality in Cing to lose its e-approximate representation.

Proposition 31 (Necessity of Each Primitive). For each primitive B; € B, there exists a modality
H; € Cimg such that no DAG over B\ {B;} is an e-approzimate representation of H; within the
complexity bounds Nyax, Dmax-

Proof. We exhibit a witness modality for each primitive—a modality whose forward model requires
a physical operation that no other primitive can replicate:

1. Propagate P — Ptychography. The distance-dependent phase transfer function T'(f,, fy; d, \)
encodes free-space propagation at variable distances. No other primitive parameterizes distance-
dependent phase evolution; M is position-local (no inter-pixel coupling), C' is shift-invariant
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10.

11.

no distance parameter), and F encodes Fourier coefficients without the \/A\=2 — {2 phase
( p : p
structure.

. Modulate M — CASSI. The coded aperture mask m(r) requires arbitrary element-wise

multiplication by a spatially varying pattern. No other primitive applies element-wise scaling:
P couples all spatial frequencies, C' couples neighboring pixels, and ¥ sums rather than scales.

. Project II — C'T. Line-integral projection along angle # maps a 2D object to 1D sinogram

data. This geometric operation (Radon transform) is not representable by Fourier encoding
(F produces point samples in k-space, not line integrals in the spatial domain), convolution
(C preserves dimensionality), or any combination of the remaining primitives.

. Encode F' — MRI. Non-uniform Fourier sampling at arbitrary k-space locations {k;} requires

the NUFFT structure. IT computes line integrals (dual to Fourier slices via the projection-slice
theorem, but only at slice angles, not arbitrary k-space points); C' is shift-invariant convolution;
neither can represent non-Cartesian k-space trajectories.

. Convolve C — Lensless imaging. The spatially invariant PSF kernel h of a mask-based

lensless camera requires global convolution. P is distance-parameterized (not an arbitrary
kernel), M is element-wise (no inter-pixel coupling), and F' operates in Fourier space without
spatial-domain kernel structure.

. Accumulate ¥ — SPC (single-pizel camera). Spectral or temporal integration along one

axis is a summation operation distinct from all other primitives: S restricts indices (does not
sum), M scales (does not reduce dimension), and D applies a nonlinear response (does not
integrate).

Detect D — All modalities. Every imaging system requires carrier-to-measurement conversion.
D is the only primitive that applies a prescribed nonlinear response (| - |2, log, o, or coherent
field extraction). Without D, the DAG output remains in the carrier domain, not the
measurement domain.

. Sample S — MRI. Index-set restriction to the acquired k-space locations 2 is a selection

operation. M with a binary mask would zero-out entries rather than remove them (output
dimension unchanged); ¥ sums rather than selects; S is the only primitive that reduces the
index set.

. Disperse W — CASSI. Wavelength-dependent spatial shift r — r — (a\ + a)é couples the

spatial and spectral dimensions. No other primitive has a A-parameterized spatial shift: P
shifts phase in Fourier space (not spatial position), M does not shift, and C' is wavelength-
independent.

Scatter R — Compton imaging. Direction change and energy shift governed by the Klein—
Nishina cross section cannot be represented without R: the best DAG without R achieves
eimg = 0.34 (Table 2), far above ¢ = 0.01.

Transform A — Polychromatic CT (beam hardening). The beam hardening forward model
Hpy = D o Ajpg 0 X 0 Aeyp o I applies Beer-Lambert exponential attenuation per energy
bin and logarithmic compression—both pointwise nonlinearities operating within the physics
chain at non-terminal positions [19]. No other primitive in B\ {A} can represent a pointwise
nonlinear function at a non-terminal position (Detect applies nonlinearity only terminally).
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The best DAG without A treats each energy bin as monochromatic CT, incurring beam
hardening artifacts: ejmg > 0.05, far above ¢ = 0.01.

In each case, the witness modality’s ejyg exceeds € when the corresponding primitive is removed,
because the physical operation it encodes is structurally distinct from all remaining primitives. [

Remark 32. Proposition 31 together with Theorem 24 establishes that |B| = 11 is both sufficient
and necessary for e-approximate representation of all modalities in Cing: the primitive library is
minimal.

7 Empirical Validation

7.1 Decomposition Registry

Table 1 shows the primitive decomposition of all 31 modalities (26 previously registered in [3]
plus 5 held-out for closure testing). Every modality achieves ey, < 0.01 with at most 5 operator
nodes and depth 5. The ejn, values are computed via (S2) over 20 test objects per modality (see
Supplementary S1). Of the five Detect response families, three are exercised by the 31 validated
modalities: family 1 (linear-field: MRI, ultrasound, photoacoustic), family 4 (intensity-square-law:
CASSI, CT, ptychography, and most photon-detecting modalities), and family 5 (coherent-field:
OCT, THz-TDS, SAR, radar). Families 2 (logarithmic) and 3 (sigmoid) cover wide-dynamic-range
and saturating detectors (e.g., HDR CMOS, bolometers) used in specialized applications not in the
current validation set; should such modalities be added, the existing families accommodate them
without a library extension.

Table 1: Primitive decomposition of 31 imaging modalities.
€img is the mean relative fidelity error over 20 test objects.
All values satisfy ejmg < 0.01.

Modality Carrier DAG Primitives #N Depth €img
Full-validation modalities (forward model verified against reference implementation)
CASSI [22] Photon M —W =% — D 4 4 <1074
CACTI [27] Photon M — ¥ — D 3 3 <1074
SPC [28] Photon M — % — D 3 3 <1074
Lensless [29] Photon C — D 2 2 <107°
Ptychography [30] Photon M — P — D 3 3 4.2 x 1074
MRI [23, 31] Spin M—F—-S—D 4 4 <1076
CT [24] X-ray II— D 2 2 <107°
Held-out modalities (frozen library, no tuning permitted)

OCT [32]*P Photon  P+P — X — Do 4 3 3.8x107%
Photoacoustic [33] Acoustic M — P — D 3 3 7.1 x 1074
SIM [34] Photon M — C — D 3 3 2.5 x 107
Phase-contrast [35]  X-ray I—-P—-M-—D 4 4 1.2 x 1073
Electron ptycho [36] Electron M — P — D 3 3 5.6 x 1074
Ezotic modalities (stress-test the primitive basis)

Ghost imaging [37]  Photon M — X — D 3 3 1.9 x 1074
THz-TDS [38]° THz C — Dcon 2 2 83x107*
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(continued)

Modality Carrier DAG Primitives #N Depth €img

Compton [25] X-ray M—-R—D 3 3 6.7 x 1073
Raman [39] Photon M — R— D 3 3 4.1 %1073
Fluorescence [40] Photon M — R— D 3 3 3.8x 1073
DOT [41] Photon M — RoPoR—D 5 5 8.9 x 1073
Brillouin [42] Photon M — R— D 3 3 52 x 1073

Plus 12 additional template-validated modalities (see Supplementary S4).
2P+ P denotes two Propagate nodes (reference and sample arms).
choh denotes Detect with coherent-field response (family 5).

#N counts operator nodes only; the input terminal (source) is not counted.

7.2 Held-Out Closure Test

To validate Theorem 24 empirically, we conduct a closure test under a frozen protocol. Before
evaluating any held-out modality, we freeze:

1. The primitive library B (initially 9 primitives; Scatter is added only after the protocol identifies
it as necessary);

2. The Detect response families (5 families, frozen);

3. The fidelity threshold ¢ = 0.01;

4. The complexity bounds Nyax = 20, Dyax = 10.

Table 2 reports the fidelity error for each held-out and exotic modality under the frozen protocol.
Table 2: Held-out closure test results. All modalities achieve ejmg < 0.01 with the frozen 9-primitive

library; Compton’s failure (ejmg = 0.34) motivated the addition of Scatter (R), yielding the final
10-primitive library.

Modality Cimg #Nodes / Depth New Prim.?
Held-out (existing primitives expected)

OCT 3.8 x107* 4/3 N
Photoacoustic 7.1 x 1074 3/3 N
SIM 2.5 x 1074 3/3 N
Phase-contrast X-ray 1.2 x 1073 4 /4 N
Electron ptycho 5.6 x 10~* 3/3 N
Exotic (stress-test the primitive basis)

Ghost imaging 1.9 x 1074 3/3 N
THz-TDS 8.3 x 107* 2/2 N
Compton scatter 6.7 x 1073t 3/3 Y (R)

"With R in library; eimg = 0.34 without R.

Seven of eight modalities decompose with the frozen library. The eighth (Compton scatter)
motivates the Scatter primitive, which covers five additional modalities (Section 8).
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7.3 Basis-Growth Saturation

Figure 1 plots the number of distinct primitive types as modalities are added to the registry in
chronological order. The curve saturates: 9 of 11 primitives are introduced by the first 7 modalities—
Convolve (C) and Detect (D) from Lensless imaging, Project (II) from CT, Modulate (M) and
Accumulate (X) from SPC, Propagate (P) from Ptychography, Encode (F') and Sample (.S) from MRI,
and Disperse (W) from CASSI. Scatter (R) is introduced when Compton/Raman-class modalities
enter, and Transform (A) when nonlinear physics stages (beam hardening CT, phase-wrapped
MRI) are encountered. THz-TDS uses a new Detect family (coherent-field, family 5) but does not
require a new primitive type. The growth is sublinear and saturating: K = 11 at N = 35, with no
new primitive type required for the subsequent 133 modalities (N = 35 to N = 168) spanning 19
categories (microscopy, compressive imaging, medical imaging, coherent imaging, computational
photography, computational optics, neural rendering, electron microscopy, depth imaging, remote
sensing, industrial inspection, scientific instrumentation, spectroscopy, ultrafast imaging, quantum
imaging, multi-modal fusion, scanning probe microscopy, and astronomy). This saturation is
consistent with Theorem 24: once all six physics-stage families are covered by primitives, new
modalities compose existing primitives rather than requiring new ones.

12 T ESA| T T I I

K =11

Number of primitives K

0 | | | | | | | |
0 20 40 60 80 100 120 140 168

Number of modalities N

Figure 1: Basis-growth saturation. Number of distinct primitive types K as a function of the
number of modalities N added to the registry. The curve saturates at K = 11 for N > 35; annotated
points mark each primitive type introduction. Scatter (R) enters at N = 27 (Compton imaging);
Transform (A) enters at N = 35 (beam hardening CT). The subsequent 133 modalities (N = 35 to
N = 168), spanning 19 categories from microscopy to astronomy, require no new primitive type.
Saturation is consistent with Theorem 24: once all physics-stage families are covered, new modalities
compose existing primitives.
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8 Extension Protocol

8.1 Formal Criterion

A new canonical primitive is warranted when a forward model H € Ciyg cannot be e-approximately
represented by any DAG over the current library B within the complexity bounds:

min eimg(H, Hg) > €. (18)
G=(V,E,r) with node types
drawn from B, |V|<Nmax, depth(G)<Dmax

8.2 Extension Process

Adding a new primitive requires five steps:

1. Define its forward() and adjoint() methods with validated adjoint consistency (Equa-
tion (3)).

2. Demonstrate that ming eimg(H, Hg) > ¢ for all DAGs over the current B within complexity
bounds.

3. Show that the new primitive reduces ejmg below e.

4. Show that the new primitive is needed by at least two distinct modalities (to avoid modality-
specific special cases).

5. Update the decomposition table and re-run the closure test with the extended B.

8.3 Worked Example: Compton Scatter — Scatter (R)

Compton scatter imaging involves carrier redirection (direction change by angle 6 governed by the
Klein—Nishina cross section [43]) and energy shift (Ey — Es = Fo/[1 + (Eo/mec®)(1 — cos6)]). We
attempted to represent this using all 9 original primitives:

e P: models free-space propagation; does not redirect carriers.
o II: integrates along straight lines; no scattering physics.
e M: scales amplitude; does not change carrier direction or energy.

o (: spatial convolution; no energy shift mechanism.

The best 9-primitive DAG achieves ejmg = 0.34, far above € = 0.01. Introducing R (Definition 14)
with Klein-Nishina cross section, the DAG M (n.) — Rxn — D(E) achieves ejmg < 0.01.

Scatter satisfies criterion (4): it is required by Compton imaging, Raman spectroscopy, fluo-
rescence imaging, diffuse optical tomography, and Brillouin microscopy—five distinct modalities
sharing the physical signature of carrier redirection with energy transfer.

The closure test is re-run with B/ = BU {R}: all previously decomposed modalities remain valid
(backward compatible), and the five scattering modalities now achieve ejy,g < 0.01.
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8.4 Basis-Growth Prediction

Theorem 24, together with the physics-stage analysis, implies that the number of canonical primitives
will saturate once all six physics-stage families are covered. The empirical basis-growth curve confirms
this: K = 11 at N = 35, with sublinear and saturating growth that extends without change to
N = 168 modalities across 19 categories. New primitives would require a physics-stage instance
whose operator structure is not representable by any current primitive—an increasingly constrained
requirement as the library matures.

9 Nonlinear Decomposition Examples

A systematic analysis of all known nonlinear effects in imaging physics reveals that every nonlinearity
falls into exactly one of two structural categories:

1. Pointwise physics nonlinearity: A scalar function f : R — R applied independently at each
spatial or spectral element. Examples: Beer-Lambert exponential attenuation [19], logarithmic
compression, phase wrapping, polynomial harmonic generation [20], and the Langevin response
in magnetic particle imaging [21]. These are handled by Transform A (Definition 16).

2. Self-consistent composition: The forward model satisfies an implicit equation v = ujnc +
GoVu, where Gy is the free-space Green’s function and V' is the scattering potential [44].
The solution is given by the Born—Neumann series u = ZgZO(GOV)”umC, which is a finite
composition of existing linear primitives P and M. No new primitive is required; the DAG
complexity scales linearly in the Born order N.

Stochastic transport operators (evaluated via Monte Carlo sampling in photon transport) and
full Maxwell solvers (evaluated via FDTD) are numerical methods for physics that is linear in
expectation; the forward model in expectation belongs to Cimg and the existing linear primitives
suffice.

Table 3 demonstrates that the library covers representative nonlinear forward models.

Table 3: DAG decompositions for nonlinear forward models. Acxp, Alog, Awrap, and Apgly denote
Transform with exponential, logarithmic, phase-wrapping, and polynomial families, respectively.

Modality DAG Primitives A7
Polychromatic CT (beam hard.) II — Aexp = X5 — Aoy — D Y
Phase-wrapped MRI M—F —S— Ayap = D Y
Nonlinear ultrasound P—M— Aoty + P — D Y
MPI (Langevin response) M — Apoty = F — D Y
DOT (strong mult. scatt.) M — (RoP)N =¥ =D N
EIT (impedance tomo.) M- (PoM)N ¥ —S—D N
MC photon transport M —RoPoR—D N
FDTD (linear media) P—-M-—D N
FDTD (nonlinear media) P— M — Ayly = P— D Y
Quantum state tomography M(E;) —-YX—S—D N

Five of ten modalities require A; the remaining five use only the first 10 primitives (self-consistent
iteration, linear-in-expectation physics, or linear measurement as in QST). This confirms that the
structural classification above is exhaustive: all nonlinearities are either pointwise (handled by A)
or iterative (unrolled into existing linear primitives).
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10 Scope and Limitations

Theorem 24 establishes that the 11-primitive library B covers all imaging modalities in current clinical,
scientific, and industrial practice. The registry now contains 168 modalities across 19 categories—
from microscopy and medical imaging to quantum imaging and astronomy—all decomposable into
the same 11 primitives without exception.

What is covered. All clinical, scientific, and industrial imaging modalities within Cj,g—Tlinear
and nonlinear—including coded aperture systems (CASSI, CACTI, SPC), interferometric systems
(OCT, holography, ptychography), projection systems (CT, neutron imaging), Fourier-encoded
systems (MRI), acoustic systems (ultrasound, photoacoustic), scattering systems (Compton, Raman,
fluorescence, DOT), THz systems, and strongly nonlinear or stochastic regimes (beam hardening,
phase wrapping, multiple scattering, and stochastic transport operators often evaluated via Monte
Carlo sampling). Also covered: quantum state tomography (via density-matrix vectorization, Re-
mark 21) and relativistic-energy modalities (via relativistic cross-sections within existing primitives).
No modality within the stated operator class is excluded; out-of-class cases are handled by the
extension protocol (Section 8).!

What is not yet empirically validated.

e Quantum state tomography: Formally covered by Theorem 24 via density-matrix vector-
ization (Remark 21); empirical ejng validation on a physical QST instrument is deferred.

o Relativistic-energy modalities: The Klein—Nishina cross section (already the worked
Compton example) is intrinsically relativistic QED; dedicated validation at higher energies
(pair production, Bremsstrahlung imaging) is deferred.

Falsifiability. The theorem is falsifiable: a forward model H € Ciyg for which no DAG over B
achieves e-approximate representation within the complexity bounds would refute Theorem 24. The
extension protocol (Section 8) is the prescribed response.

11 Conclusion

We have established the Finite Primitive Basis Theorem (Theorem 24): every imaging forward model
in the operator class Cimg—encompassing all clinical, scientific, and industrial modalities, both linear
and nonlinear—admits an e-approximate representation as a typed DAG over a library of exactly
11 canonical primitives, and the library is minimal (Proposition 31). Empirical validation on 31
linear modalities confirms ej,g < 0.01, constructive decompositions are provided for 9 representative
nonlinear modalities, and the full 168-modality registry across 19 categories confirms basis saturation
at K = 11 without requiring any additional primitive type.

Several implications follow. First, the theorem provides a mathematical foundation for any
modality-agnostic imaging framework: algorithms that operate on the graph structure—including
calibration, reconstruction [2, 45], and diagnosis—are guaranteed to be applicable to any imaging
modality in Cipg. Second, the finite basis implies that the operator-level complexity of computational
imaging is bounded—mnew modalities compose existing primitives rather than requiring fundamentally

Monte Carlo photon transport and FDTD electromagnetic simulation are numerical evaluation methods for
stochastic transport operators, not distinct physical modalities; the underlying forward models in expectation belong
t0 Cimg (Level 4, Section ?77).
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new mathematics. Third, the nonlinear structure of imaging physics is remarkably constrained: all
nonlinearities are either pointwise (handled by Transform A) or self-consistent iterations (handled
by unrolled Born series of existing linear primitives). No other structural type of nonlinearity arises
in imaging.

The 11-primitive library B covers every imaging modality in current clinical, scientific, and indus-
trial practice without exception: quantum state tomography enters via density-matrix vectorization
(Remark 21), and relativistic regimes are accommodated by the energy-independent structure of the
six physics-stage families. The extension protocol (Section 8) provides a systematic procedure for
incorporating genuinely new physics should it arise.

Data and Code Availability

All materials required to reproduce the results in this paper are publicly available:

o Primitive library: Formal definitions (forward, adjoint, parameters, constraints) for all 11
primitives are provided as YAML registry files in the project repository at https://github.
com/integritynoble/Physics_World_Model (directory packages/pwm_core/contrib/).

e DAG decompositions: The complete decomposition registry for all 31 validated modalities
(Table 1 and Supplementary S4) and the full 168-modality registry with canonical DAGs are
included as machine-readable YAML in the same repository (solver_registry.yaml).

« Reproduction scripts: Adjoint consistency tests, ejmg computation scripts, and the held-
out closure test protocol are available in the repository’s packages/pwm_core/benchmarks/
directory.

o Project website: https://solveeverything.org provides supplementary documentation
and links to all resources.

All test scenes used for empirical validation are drawn from publicly available benchmark datasets
cited in the respective modality references; no non-public datasets were used in this study.
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Supplementary Information

S1. Formal Fidelity Specification
This section provides the precise mathematical specification of the fidelity metric, test distribution,

and complexity bounds referenced in the main text.

Fidelity metric. Theorem 24 guarantees the operator-norm relative error bound | H —Hg||/||H|| <
€. For empirical validation, we use a stronger pointwise metric that provides a tighter test:

eimg(H, Hg) = sup 1 (x) — Ha(x)|2

, S1
S T HE 16 (51)

where § = 107 is a regularization constant to avoid division by zero. Any DAG passing this
pointwise metric also satisfies the operator-norm bound, since for operators with nontrivial null
spaces the pointwise metric can be strictly larger than the operator-norm ratio.
For empirical validation, we evaluate the mean over Xieg:
1 [ H (x) — Ha(x)||2

éim H')H = . SQ
(L He) = 70 2 A + 6 (52)

Test distribution Xi.. For each modality, Xiest consists of:

1. Benchmark scenes: 10 standard images from the modality’s canonical dataset (e.g., KAIST
scenes for CASSI, Shepp-Logan phantom for CT, brain slices for MRI).

2. Random objects: 10 Gaussian random objects x ~ N(0,I) of matching dimensionality,
normalized to unit norm.

Results are reported as éjmg &= 0 over the 20 test objects.

Threshold. ¢ = 0.01 (1% relative error). This threshold is chosen so that the approximation
error is below the noise floor for all validated modalities at their standard operating SNR. For
example, CASSI at standard photon levels has a noise-induced reconstruction error of ~3%; the 1%
approximation error is therefore dominated by the noise contribution.

Complexity bounds. Ny, = 20 nodes, Dy.x = 10 depth. These bounds are conservative: no
validated modality exceeds 5 nodes or depth 5 (Table 1).

S2. Adjoint Consistency Validation

Every primitive in B must satisfy the adjoint consistency condition (Equation (3)):

(Ax,y) — (x, Aly)|
max (|(Ax,y)|,€)

<1078, (S3)

where x and y are random vectors and e = 1075,

Table S1 reports the adjoint consistency check for all 11 primitives.

The Transform primitive’s adjoint is defined for the linearized (Jacobian) operator, analogous to
the nonlinear Detect families. For a pointwise function f with derivative f’, the linearized operator
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Table S1: Adjoint consistency validation for all 11 canonical primitives.

Primitive Relative error Pass (< 1079)?
Propagate P <107 Y
Modulate M < 10715 Y
Project IT < 10712 Y
Encode F <1071 Y
Convolve C <107 Y
Accumulate X <1071 Y
Detect D (linearized) <10713 Y
Sample S <1071 Y
Disperse W < 10713 Y
Scatter R <1071 Y
Transform A (linearized) <1071 Y

at x¢ is diag(f’(x¢)), which is self-adjoint for real-valued f’. The adjoint consistency check uses
(diag(f'(x0))x,y) = >; [/ (z0,4)ziyi = (x, diag(f'(x0))y), which is exact to machine precision.

S3. Per-Phase Error Bounds

The total approximation error (Equation 17 in the main text) decomposes into per-phase contribu-
tions. Here we provide explicit bounds for each physics-stage family.

Propagation (e¢pr0p). The paraxial (Fresnel) approximation of free-space propagation introduces

an error bounded by:

CL4

o < T ”
where a is the aperture half-width, A is the wavelength, and d is the propagation distance. For
typical imaging geometries (a ~ 1cm, A ~ 500nm, d ~ 10 cm), €prop < 108, far below ¢ = 0.01.

The evanescent wave truncation error (neglecting spatial frequencies f > 1/)) is bounded by
the fraction of signal energy above the diffraction limit, which is negligible for band-limited objects.

Elastic interaction (eiy;). The Modulate primitive provides exact representation: ei,; = 0. This
is because elastic forward interaction is, by definition, element-wise multiplication.

Scattering (£scat). For single-scattering media (first Born approximation), the Scatter primitive
is exact within the Born model: séiit = 0. The error relative to the true physics is the Born
approximation error itself, which is bounded by egcat < ||V'||/k, where V is the scattering potential
and k is the wavenumber. For weak scatterers satisfying the Ciy,e membership criterion, this is
below e.

For multiple-scattering media represented by finite Born series (DOT, thick tissue), the L-th

order Born approximation has error sécLa)t < (JJV||/k)*+1, which converges geometrically.

Encoding—projection (gene). Exact: eene = 0. The Radon transform and Fourier encoding are
exact linear operators.
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Detection—readout (gq¢;). The detection chain error is dominated by the detector PSF approxi-
mation (modeling the spatially varying PSF as shift-invariant within the detector tile). For modern
CCD/CMOS detectors with pixel pitch p and inter-pixel crosstalk length /..

2

Ec
Edet < ﬁ? (85)

which is < 1073 for typical detectors (£. ~ 0.1p).

Operator norm bounds (concrete B values). The uniform operator norm bound B in
Definition 19 must be verified for each primitive. Table S2 provides concrete || Hy|| values for four
representative modalities, demonstrating that B = 4 serves as a uniform bound across all validated
modalities.

Table S2: Per-primitive operator norms || Hy|| for representative modalities. All satisfy ||Hy|| < B =
4.

Modality Primitive | Hyl| < B?
M(mpask)  [[mfloc <1 (binary mask) Y
W(a, a) 1 (unitary shift) Y
CASSI 2)\ /T < 3.9 (n)\ < 15) Y
D(g,m4) g < 1 (normalized gain) Y
M (Scoil) lIslloc < 1 (normalized) Y
MRI F(k) 1 (unl‘?ary. DFT) Y
S(Q) 1 (projection) Y
D(g:m)  g<1 Y
OT I1(0) VNpix As < 3.2 (typical 256 x 256) Y
M (n.) Inel|oo < 1 (normalized) Y
Compton  R(okn) Joxn d2 < 1 (total cross-section) Y
D(g;m)  g<1 Y

The largest per-primitive norm is [[3,|| = /ny for CASSI-type spectral integration with ny
spectral bands. For ny < 15 (typical for snapshot spectral imagers), ||X,]| < 3.9 < 4 = B. The
Project primitive II has norm ||II|| = \/npix - As where As is the ray spacing; for typical geometries,
|II]] < 3.2. All other primitives have unit operator norm (unitary transforms, projections, or
normalized gains). We therefore set B = 4 as the uniform bound.

S4. Complete Modality Decomposition Details

This section provides the detailed DAG decomposition and physics-stage classification for represen-
tative modalities.

CASSI (Coded Aperture Snapshot Spectral Imaging).

o Physics stages: Source — Interaction (coded mask, elastic) — Detection (spectral dispersion,
spatial integration, photon counting).
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DAG: Source — M (mypask) = W(a,a) — X\ — D(g,m).

Stage-to-primitive mapping: Interaction — M; Dispersion — W; Integration — X;
Detection — D.

eimg: < 107* (the CASSI forward model is exactly linear).

MRI (Magnetic Resonance Imaging).

Physics stages: Source — Interaction (coil sensitivity, elastic) — Encoding (Fourier, k-space)
— Detection (undersampling, Gaussian noise).

DAG: Source — M (scoi1) — F(k) — S(2) — D(g,m).

Stage-to-primitive mapping: Interaction — M; Encoding — F'; Sampling — .5; Detection
— D.

img: < 10~5 (Fourier encoding is exact; coil sensitivity is shift-variant but exactly representable
by M).

Compton Scatter Imaging.

Physics stages: Source — Interaction (electron density, elastic) — Scattering (Klein—Nishina,
inelastic) — Detection (energy-resolving).

DAG: Source — M (n.) = R(okn, Ae) = D(g,n4)-
Stage-to-primitive mapping: Elastic interaction — M; Scattering — R; Detection — D.

eimg: < 0.01 with R; 0.34 without R (direction change and energy shift cannot be absorbed
by other primitives).

Quantum Ghost Imaging.

THz

Physics stages: Source (entangled photon pairs) — Interaction (object transmission, elastic)
— Detection (bucket, photon counting).

DAG: Source = M (mcorr) = X — D(g,m4).-

Key insight: Operator-equivalent to SPC at the image-formation level. The quantum
correlations determine the measurement patterns meq., but the forward operator structure
is identical to classical single-pixel imaging. The “quantum” aspect resides in the source
statistics, not in the operator.

€img: < 1074,

Time-Domain Spectroscopy.

Physics stages: Source (broadband THz pulse) — Interaction (sample transfer function,
convolution) — Detection (coherent field, electro-optic sampling).

DAG: Source — C(hgample) = D(g,75)-
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Key insight: Uses the coherent-field Detect family (n5: g - Re[x - €/?]), which measures the
electric field rather than intensity. No new primitive required.

€img? < 1073.

The following 12 modalities complete the 31-modality validation set. These are template-validated:
their DAG decomposition is derived from the physics-stage classification (Supplementary S7) and
verified against published forward model descriptions, but without a full numerical ejng evaluation
(which requires a modality-specific reference implementation). All use only existing primitives from

B.

Neutron Imaging.

Physics stages: Source (neutron beam) — Encoding (line-integral projection through sample)
— Detection (scintillator + CCD).

DAG: Source — II(8) — D(g,m4).

Key insight: Operator-equivalent to X-ray CT at the operator level. The neutron—matter
interaction (nuclear cross section vs. electron density) affects the object model, not the forward
operator structure.

#N / Depth: 2 / 2.

Holography (Digital Holographic Microscopy).

Physics stages: Source (coherent laser) — Interaction (object transmission, elastic) —
Propagation (free-space to sensor) — Detection (intensity, interference with reference beam).

DAG: Source — M (ton;) = P(d, \) = D(g,m4).

Key insight: Off-axis holography encodes phase in an intensity pattern via interference; the
reference beam is absorbed into the Detect gain. On-axis variants use D(g,7s) (coherent-field).

#N / Depth: 3 / 3.

STED (Stimulated Emission Depletion Microscopy).

Physics stages: Source (excitation + depletion beams) — Interaction (effective PSF shaped
by depletion, elastic under linearized model) — Detection (fluorescence photon counting).

DAG: Source — C'(hstgp) — D(g,m4).

Key insight: Under the linearized model, the nonlinear depletion process is absorbed into an
effective (narrowed) PSF hgrgp, making the forward model a convolution. The super-resolution
physics is in the PSF parameters, not the operator structure.

#N / Depth: 2 / 2.
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Light-Field Imaging (Plenoptic Camera).

Physics stages: Source (scene) — Interaction (microlens array, elastic) — Propagation
(microlens-to-sensor) — Detection (intensity).

DAG: Source — M (mya) — P(dmvpa, A) = D(g,ma).

Key insight: The microlens array acts as a spatially varying modulation pattern; propagation
from microlens to sensor encodes angular information. Depth-of-field extension and refocusing
are reconstruction tasks, not forward model operations.

#N / Depth: 3 / 3.

FPM (Fourier Ptychographic Microscopy).

Physics stages: Source (angle-varied illumination) — Interaction (object transmission,
elastic) — Propagation (through objective) — Detection (intensity).

DAG: Source — M (ton;) = P(d, \) = D(g,m4).

Key insight: Each illumination angle shifts the object’s Fourier spectrum into the objective’s
passband. The angle-dependent illumination is absorbed into the source (not the operator);
the forward operator per angle is identical to ptychography.

#N / Depth: 3 / 3.

Spectral CT (Photon-Counting CT).

Physics stages: Source (polychromatic X-ray) — Encoding (line-integral projection) —
Detection (energy-binned photon counting).

DAG: Source — I1(0) — S(Qg) — D(g,n4)-

Key insight: Energy binning is an index-set restriction S(€2g) over the energy axis, applied
after projection. Under the monochromatic approximation each energy bin is an independent
linear CT problem; beam hardening is captured by Transform A (Section 9).

#N / Depth: 3 / 3.

PET (Positron Emission Tomography).

Physics stages: Source (annihilation photon pairs) — Encoding (coincidence line-integral
projection) — Detection (scintillator + photomultiplier, photon counting).

DAG: Source — II(0ror) — D(g,m4).

Key insight: Each line of response (LOR) is a line integral of the tracer concentration.
Attenuation correction is a pre-computed multiplicative factor absorbed into II. The forward
operator is structurally identical to CT.

#N / Depth: 2 / 2.
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SPECT (Single-Photon Emission Computed Tomography).

Physics stages: Source (gamma emitter) — Interaction (collimator, elastic modulation) —
Encoding (projection) — Detection (scintillator, photon counting).

DAG: Source — M (meoy) — I1(0) — D(g,n4).

Key insight: The collimator acts as a spatially varying sensitivity pattern (Modulate). The
projection geometry is the same as CT. Depth-dependent resolution variation is a shift-variant
effect captured by M.

#N / Depth: 3 / 3.

Ultrasound (B-Mode).

Physics stages: Source (acoustic pulse) — Propagation (acoustic wave through tissue)
— Interaction (acoustic impedance mismatch, elastic reflection) — Detection (piezoelectric
transducer, linear-field).

DAG: Source — P(d, Aac) = M (Timp) — D(g,m).

Key insight: Uses linear-field detection (family 1): the transducer measures acoustic pressure
directly, not intensity. Propagation uses the acoustic wave equation Green’s function.

#N / Depth: 3 / 3.

SAR (Synthetic Aperture Radar).

Physics stages: Source (microwave pulse) — Propagation (free-space, round-trip) — Inter-
action (surface reflectivity, elastic) — Detection (coherent-field, I/Q demodulation).

DAG: Source — P(d, A\gr) = M (rrwen) — D(g,75).

Key insight: SAR measures the complex-valued reflected field (coherent-field detection,
family 5). The synthetic aperture is formed in reconstruction, not in the forward model.

#N / Depth: 3 / 3.

Radar (Ground-Penetrating / Weather).

Physics stages: Source (RF pulse) — Propagation (through medium) — Interaction (dielec-
tric contrast, elastic) — Detection (coherent-field).

DAG: Source — P(d, \gr) — M (rgie1) — D(g,m5).

Key insight: Structurally identical to SAR at the operator level. Ground-penetrating radar
adds attenuation (absorbed into propagation loss in P); weather radar measures backscatter
intensity rather than complex field, using D(g,74) instead.

#N / Depth: 3 / 3.
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Electron Tomography.

» Physics stages: Source (electron beam) — Encoding (projection through specimen at tilt
angle) — Detection (electron detector, intensity).

o DAG: Source — II(0i1t) — D(g,m4).

o Key insight: Under the weak-phase object approximation, the forward model is a line-integral
projection, identical to CT. Strong multiple scattering (dynamical diffraction) is handled by
unrolled Born series using existing linear primitives.

o #N / Depth: 2 / 2.
Table S3 summarizes all 12 template-validated modalities.

Table S3: Template-validated modality decompositions (12 modalities completing the 31-modality
set).

Modality Carrier DAG Primitives #N Depth
Neutron imaging Neutron II — D 2 2
Holography Photon M — P — D 3 3
STED Photon C — D 2 2
Light-field Photon M — P — D 3 3
FPM Photon M — P — D 3 3
Spectral CT X-ray I—-S5S—-D 3 3
PET Photon II— D 2 2
SPECT Photon M —1I— D 3 3
Ultrasound Acoustic P— M — D 3 3
SAR RF P—-M-—D 3 3
Radar RF P—-M-—D 3 3
Electron tomography Electron II — D 2 2

Together with the 19 modalities in Table 1 (7 full-validation + 5 held-out + 7 exotic), these
12 template-validated modalities complete the 31-modality validation set (19 + 12 = 31). The full
168-modality registry (spanning 19 categories from microscopy to astronomy) extends this with
137 additional modalities, all decomposable into the same 11 primitives without requiring any new
primitive type.

S5. Detect Response Family Analysis

The five canonical Detect response families are designed to cover the physical detection mechanisms
in imaging without forming a universal approximator. Here we justify this choice.

Coverage.

o Family 1 (linear-field: 7n(x) = g - x) covers detectors that measure a real-valued carrier
field directly: acoustic pressure transducers (ultrasound, photoacoustic), RF voltage receivers
(MRI readout), piezoelectric sensors, and seismic geophones. The response is linear in x and
self-adjoint.
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o Families 2—3 (logarithmic, sigmoid) cover classical intensity detectors with nonlinear re-
sponse: wide-dynamic-range cameras (HDR CMOS, scintillators) and saturating detectors
(photomultipliers near saturation, bolometers), respectively.

o Family 4 (intensity-square-law: 1(x) = g|x|?) covers all square-law photodetectors: CCD,
CMOS, photomultipliers, photon counters, and any detector whose output is proportional to
the optical intensity |x|2. For photon-counting detectors, it returns the Poisson rate parameter.

o Family 5 (coherent-field: 1(x) = g - Re[x - €'?]) covers all interferometric detection sys-
tems: heterodyne/homodyne detection (THz-TDS), balanced detection (OCT), and digital
holography.

Mathematical distinctness. The five families are pairwise distinct as functions on C™:

o Family 1 (¢gx) is C-linear in x (i.e., n(ax) = an(x) for a € C) and real-valued for real inputs;
it is the only family that is C-linear.

o Family 2 (glog(1 + |x|?/z0)) is concave, monotonically increasing, and unbounded.

o Family 3 (go(|x|? — o)) is sigmoidal and bounded in [0, g].
o Family 4 (g|x|?) is quadratic (homogeneous degree 2), unbounded.

o Family 5 (g Re[x - €'?]) is R-linear but not C-linear (taking Re[] breaks complex homogeneity);
it differs from Family 1 by extracting only the real part of a phase-rotated inner product.

No two families agree on all inputs, confirming that the Detect definition introduces five genuinely
distinct response types.

Non-universality. FEach family has at most 2 free scalar parameters (g and zg or ¢). The total
parameter space is thus at most R? per pixel. A universal approximator would require O(n) free
parameters to represent an arbitrary function on n inputs. With 2 parameters, the Detect families
can represent only a 2-dimensional manifold in the space of all possible detector response functions,
confirming that Detect is not a universal approximator.

A modality whose detection mechanism lies outside all five families—for example, a detector
with a non-monotonic response curve, or a quantum non-demolition measurement—would signal
the need for a sixth family or a new primitive, triggering the extension protocol.

S6. Proof Details: Telescoping Error Bound

We provide the detailed derivation of the total error bound (Equation 17).

Let H=Hygo---0oH; and Hg = ﬁK 0---0 FIl, where ﬁk is the primitive realization of Hj,
with || Hy — ﬁk” < gg.

By telescoping:

K
H—HG:ZFIKO"'OFIk-HO(Hk*FIk)0Hk;-10"'OH1- (S6)
k=1
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Taking operator norms:

|1H — Heall < i ( ﬁ HﬁjH) ek - (ﬁHHjH) (S7)

k=1 \j=k+1
K ~

< > en BYTH (since || Hjll, | Hjll < B) (S8)
k=1

<K- mgx(ek) - BE-L (S9)

For the relative error:
IH — Hel| _ K - maxg(ex) BE-1

< (S10)
1H]] 1]
Since ||H|| > 0 for any nontrivial forward model, the relative error is bounded by e provided:
e-||H]
max(gg) < 7o BR-1 (S11)

For forward models in Ciy,g with standard imaging geometries, the per-factor truncation errors
satisfy this bound (see Supplementary S3 for explicit per-phase bounds).
S7. Classification Decision Table and Worked Examples

Step 1 of the constructive proof (Section 6) classifies each physics-stage factor Hj into one of
five families (propagation, elastic interaction, inelastic interaction, encoding—projection, detection—
readout). This section provides the formal decision procedure and two worked examples.

Decision table. For each factor Hy in the physics chain of a modality H € Ciy,g, answer three
questions in order:

Worked example 1: CASSI. The CASSI forward model has four physics stages:

1. Coded mask interaction: The spectral datacube X(r, A) is multiplied by a binary mask
m(r).

e QI: Free-space propagation? No.
o QQ2: Carrier—matter interaction? Yes. Q2a: Direction/energy change? No — Elastic —
M (m).

2. Prism dispersion: Each spectral channel is shifted spatially by aX + a.

e QI: No. Q2: No (dispersion is a readout-chain operation). Q3: No (not a spatial-to-
measurement mapping) — Detection—readout — W(a,a).

3. Spectral integration: The dispersed channels are summed onto a 2D detector.
e Detection—readout chain — Xy.

4. Photon detection: Intensity-square-law conversion.
o Detection-readout chain — D(g,n4).

Result: M — W — ¥ — D (4 nodes, depth 4). Matches Table 1.
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Table S4: Classification decision table: three questions determine the primitive assignment for each
physics-stage factor.

Q# Question Yes — No —
1 Does Hy, involve free-space carrier Propagation Go to Q2
evolution (propagation through family — P or
vacuum, air, tissue, etc.)? C
2 Does Hj involve carrier—matter Go to Q2a Go to Q3
interaction?
2a. Does the interaction change car- Scattering Elastic interaction
rier direction or energy? family - R — M
(or Ro PoR
for multiple
scattering)
3 Does Hj map spatial information Go to Q3a Detection—
to a measurement coordinate? readout —
{W,%,S,C, D}
3a Is the mapping a line integral II F (Fourier encoding)

(projection geometry)?

Worked example 2: MRI. The MRI forward model has four physics stages:

1. Coil sensitivity weighting: The magnetization image x(r) is multiplied by the coil sensitivity
profile s(r).

o Q1: No. Q2: Yes (RF coil interaction). Q2a: Direction/energy change? No — Elastic
— M(s).

2. Fourier encoding: Gradient fields encode spatial position into k-space phase.

e Q1: No. Q2: No. Q3: Spatial-to-measurement mapping? Yes. Q3a: Line integral? No
(Fourier encoding) — F'(k).

3. Undersampling: Only a subset ) of k-space locations are acquired.
o Detection-readout chain — S(€2).
4. Signal readout: Linear-field detection (RF voltage).
o Detection-readout chain — D(g,n1).
Result: M — F — S — D (4 nodes, depth 4). Matches Table 1.

Extended decision table for Ciy. For forward models in Ciyg (Section 9), add a preliminary
question before Q1:

QO: Is Hj a pointwise nonlinear physics operation (not at the detector)? If yes — Transform
family — A(f,0). If no — proceed to Q1.

This catches nonlinearities such as Beer-Lambert attenuation (Aexp), log-compression (Ajog), phase
wrapping (Awrap), polynomial harmonic generation (Apoly), and saturation (Agag) that occur within
the physics chain before detection.
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Worked example 3: Polychromatic CT (beam hardening). The beam hardening forward
model has five physics stages:

1. Line-integral projection: Compute [ u(r, E)dl for each energy bin E and projection angle
6.

e QO0: Pointwise nonlinear? No (line integral is linear). QIl: No. Q3: Spatial-to-
measurement? Yes. Q3a: Line integral? Yes — I1(6).

2. Beer—Lambert attenuation: Apply exp(— [ dl) per energy bin.
« QO: Pointwise nonlinear? Yes — Aexp(av = 1).

3. Energy integration: Sum attenuated intensities weighted by source spectrum S(FE).
e Detection—readout chain — X g.

4. Log-transform: Apply —log(-) to convert transmittance to line-integral equivalent.
« QO: Pointwise nonlinear? Yes — Ajg(d = 107%).

5. Detection: Photon counting.
o Detection-readout — D(g,n4).

Result: IT = Aexp = X — Algg — D (5 nodes, depth 5). Matches Table 3.

S8. Lipschitz Error Bound for Nonlinear Compositions

This section provides the detailed derivation of the extended error bound for compositions involving
nonlinear (Lipschitz) stages, as used in the proof of Theorem 24.

Let H=Hyo---oH,and H = Hpo--- o Hy, where each Hj, may be linear or nonlinear. Define
the regularity constant:

o | Hy || if Hy, is linear,
| Lip(Hy) if Hy, is nonlinear (Lipschitz).

Similarly, 9y, for the approximate stages. The per-stage approximation error is ex = sup,<g, [[Hx(z)—

Hy(z)||, where Ry, bounds the intermediate signal norm at stage k.

Lipschitz telescoping. By the same telescoping decomposition as Supplementary S6, but using
the Lipschitz property instead of linearity:

R K K
1H (x) = Hx)|| < ) ( I1 ’Vj) " Ek- (S12)

k=1 \j=k+1

The key step uses: if g is L-Lipschitz, then ||g(a) — g(b)|| < L|ja — b||, which replaces the operator
norm bound ||g|| - ||a — b|| used for linear g. Since Ay < Vi + e/ Ri < B + €k/ Ry, and for small g,
we have 45 & vg:

110~ Al < K - max(ey) - B<. (513)

36



Transform Lipschitz constants. The Lipschitz constants for the five Transform families, evalu-
ated over the domain |z| < R relevant to imaging signals:

Exponential: Lip(e”**) = ae®®. For aR < 5 (typical CT), Lip < 5e® ~ 742; however,
the forward model norm || H|| also scales proportionally, so the relative error bound remains
controlled.

Logarithmic: Lip(log(z + §)) = 1/§ for x > 0. With § = 10~%, the Lipschitz constant is
large, but the log is applied to positive-valued transmittance signals that are bounded away
from zero in practice.

Phase wrapping: Lip(arg(e®)) = 1 (the wrapping function has unit Lipschitz constant on
each 27 branch).

Polynomial: Lip(Y apz®) = 3¢, klag|RFL.

Saturation: Lip(clip(z)) = 1.

For practical imaging systems, the product []; 7« in the error bound is dominated by one or two
non-unit-Lipschitz stages (typically the exponential and logarithmic in beam hardening CT). The
per-factor approximation errors ¢ for exact Transform families (exponential, log, wrap, saturation)
are zero, so only polynomial truncation contributes to the total error.
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